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What's a fan?

A (smooth) fan ¥ = (K, A) consists of two components: a simplicial complex K
with m vertices, and an unimodular morphism \ : Z™ — Z".
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A (smooth) fan ¥ = (K, A) consists of two components: a simplicial complex K
with m vertices, and an unimodular morphism \ : Z™ — Z".

Simplicial Complex

A simplicial complex K on a finite set [m] = {1,..., m} is defined as a collection
of subsets of [m] satisfying the following conditions:

@ Any singleton subset {v} € K for all v € [m].
Q Ifce Kand 7 C o, then 7 € K.
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A (smooth) fan ¥ = (K, A) consists of two components: a simplicial complex K
with m vertices, and an unimodular morphism \ : Z™ — Z".

Simplicial Complex
A simplicial complex K on a finite set [m] = {1,..., m} is defined as a collection
of subsets of [m] satisfying the following conditions:

@ Any singleton subset {v} € K for all v € [m].

Q Ifce Kand 7 C o, then 7 € K.
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What's a toric variety?

From our perspective: a variety Xy with a "good covering" {U, },ex.
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What's a toric variety?

From our perspective: a variety Xy with a "good covering" {U, },ex.

(Pure Smooth) Toric Variety

Let dimXy = n and define (k) as the collection of k-dimensional cones,

Q@ Xz =U,ex(n) Us. and the isomorphisms ¢, : Us = An
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What's a toric variety?

From our perspective: a variety Xy with a "good covering" {U, },ex.

(Pure Smooth) Toric Variety

Let dimXy = n and define (k) as the collection of k-dimensional cones,

Q@ Xz =U,ex(n) Us. and the isomorphisms ¢, : Us = An
Q U0'1 N Uaz = Usinoys
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What's a toric variety?

From our perspective: a variety Xy with a "good covering" {U, },ex.

(Pure Smooth) Toric Variety

Let dimXy = n and define (k) as the collection of k-dimensional cones,
Q Xs = Uan(n) U, and the isomorphisms ¢, : U, = A"
Q U0'1 N Uaz = Usinoys

@ Let 7 € X(k) and 7 C o € ¥(n) then we have induced isomorphisms for U-
and Y;:
U, > U, : > Y,
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For a cone 7 C 01, 07 that is contained in two distinct maximal cones, we can
compare the isomorphisms provided by these maximal cones. The transition
morphism

812 = o1 © Po, : AF X GITK o AR x GIK
is determined by A. These transition morphisms are crucial to understand the

structure of toric varieties, and can not be detected by motivic cohomology or
Chow groups.
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For a cone 7 C 01, 07 that is contained in two distinct maximal cones, we can
compare the isomorphisms provided by these maximal cones. The transition
morphism

812 = Po, © 0o, : A x GT=K 5 AR x GPK

is determined by A. These transition morphisms are crucial to understand the
structure of toric varieties, and can not be detected by motivic cohomology or
Chow groups.

To introduce the concept of cellular A'-homology, let us initially examine the
(topological) cellular structure of the real points X5 (R).
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Cellular Complex of Real Points

The real points Xs(R) of toric varieties are actually "cubical":

Y01 No2 Ygz Nos

Uglﬁoz \ / W

. - Ulﬂo-ZmUa : YglmaZmas
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It is also helpful to think about the (Poincare) dual pictures:

.—b—.
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Cellular A'-Homology

Al-cellular structure

Toric variety X5 admit a A'-cellular structure, defined by a filtration:

angﬁocn‘CQn:Xz

where Q; =, c5(;) Us. This filtration satisfies

Q\Q1= || o= || G,

ocex(i) oeX (i)

which are cohomological trivial.
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Cellular A'-Homology

Al-cellular structure

Toric variety X5 admit a A'-cellular structure, defined by a filtration:

angﬁocn‘CQn:Xz

where Q; =, c5(;) Us. This filtration satisfies

Q\Qa= || Yo || Gy

ocex(i) oeX (i)

which are cohomological trivial.

Then we can choose the orientations for the Thom spaces to obtain the following
identification:

L:Qi/Qiy= | | Th(Ny,,y,) |_| G x (AT/AT\ {0})

oc€eX(i) ocex (i
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On other hand, we define the boundary morphism by composing

8,- . Q,‘/Q;_l — ZQ;_l — ZQ,'_]_/Q,'_Q
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On other hand, we define the boundary morphism by composing
8,- . Q,‘/Q;_l — ZQ;_l — ZQ,'_]_/Q,'_Q
which induces the boundary morphism in Aby: (k) through Al-homology:

8,‘ . H%I(Q,‘/Qifl) — H,-Ail(Q,',l/Q,',z)
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On other hand, we define the boundary morphism by composing
;i Q)1 = X1 = XQi1/Qi-

which induces the boundary morphism in Aby: (k) through Al-homology:
i - HE (Qi/Q_1) — HE (-1 /92)

By applying the selected orientations, we can have the following identification:

L H,-AI(Q,'/Q,',l) i @ H%I(Gnm_i X (A’/AI \ {0}))

oeX (i)
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On other hand, we define the boundary morphism by composing
0 - Qi/Qic1 > Qi1 = XQi1/Q-2
which induces the boundary morphism in Aby: (k) through Al-homology:
i - HE (Qi/Q_1) — HE (-1 /92)
By applying the selected orientations, we can have the following identification:

L H,-AI(Q,'/Q,',l) i} @ H%I(Gnm_i X (A’/AI \ {0}))

oeX (i)

Furthermore, we have HA' (G x (A//A7\ {0})) = H®" @ KMW  \where
H:=Z,[G,) = Z o KMW (analogous to Z[Z/2] 2 Z & 7).
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Thus, we can define the oriented boundary morphism as

5,‘1 @ H®n—i®K}\/IW_> @ H®n—i+1®K%\iv
o€ (i) o€¥(i—1)
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Thus, we can define the oriented boundary morphism as

5,‘1 @ H®n—i®K}\/IW_> @ H®n—i+1®K}\£\iV
o€ (i) o€¥(i—1)

(Oriented) Cellular A'-Chain Complex and Cellular A'-Homology
We define the (oriented) cellular Al-chain complex C(Xs) € D(Abyi(k)) as:

C:e”(X):) = @ H®n—i ®K}\/IW’5I

o€eX (i) i

whose homology groups are the cellular A'-homology H(Xs) € Abyi (k).
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Thus, we can define the oriented boundary morphism as

5,‘1 @ H®n—i®K}\/IW_> @ H®n—i+1®K}\£\iV
o€ (i) o€¥(i—1)

(Oriented) Cellular A'-Chain Complex and Cellular A'-Homology
We define the (oriented) cellular Al-chain complex C(Xs) € D(Abyi(k)) as:

C:e”(X):) = @ H®n—i ®K}\/IW’5I

o€eX (i) i

whose homology groups are the cellular A'-homology H(Xs) € Abyi (k).

. H @ KMY
KM\P e

L
o |
H®2 @ KYY

N L
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What can we do with cellular A'-homology?

Proposition [Prop 2.27, Morel-Sawant 23|

For any strictly Al-invariant sheaf M € Ab,:(k), we have the isomorphisms

o

Hiie(Xs, M) = Hompyap,, (k) (C< (X)), M[n])
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What can we do with cellular A'-homology?

Proposition [Prop 2.27, Morel-Sawant 23|

For any strictly Al-invariant sheaf M € Ab,:(k), we have the isomorphisms

HB(Xs, M) = Homp(ap,, (k) (C< (Xz), M[n])

We can use cellular Al-chain complex to compute MW-motive 1\~/I(X):) € ﬁi\JA(k)
more precisely

M(Xe)s = | @D M(Gm)2" © Z(0)]i], )

oeX(i) ;
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What can we do with cellular A'-homology?

Proposition [Prop 2.27, Morel-Sawant 23|

For any strictly Al-invariant sheaf M € Ab,:(k), we have the isomorphisms

HB(Xs, M) = Homp(ap,, (k) (C< (Xz), M[n])

We can use cellular Al-chain complex to compute MW-motive 1\~/I(X):) € ﬁi\JA(k)
more precisely

M(Xe)s = | @D M(Gm)2" © Z(0)]i], )

oeX(i) ;

How do we determine the boundary morphism 5, ? \
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Cubical Cells

In order to make the explicit computation, we need to define a "basis" for
Z,:(G!) = H® which has 2/ summands.
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Cubical Cells

In order to make the explicit computation, we need to define a "basis" for
Z,:(G!) = H® which has 2/ summands.

Given a partition of 71 LI 7& = [I], we define the cubical cell as

e = H{X,Zl}H{X,#O}CGL’

i€t} ier®

Let te = |72, this induces a morphism

[e] : K¢ — Z,1(G))
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Cubical Cells

In order to make the explicit computation, we need to define a "basis" for
Z,:(G!) = H® which has 2/ summands.

Given a partition of 71 LI 7& = [I], we define the cubical cell as

e = H{X,Zl}H{X,#O}CGL’

i€t} ier®

Let te = |72, this induces a morphism

[e] : K¢ — Z,1(G))

Furthermore, it is easy to see that

A (e S B G

eCG!, cubical

Similarly, we can define the oriented cubical cells [e, 6] : K}YV — C(Xz) and
form a basis.
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Example: Cubical Cellular Structure of A"

A" can be regarded as a toric variety with the fan (20 1d).

C:el/(An) — @ ZAl[Ya] ®K}\/IW’&,

oC[n], |o|=i

where Y, = [Tz, {x # 0} [T,c, {x = 0} = Giy.
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Example: Cubical Cellular Structure of A"

A" can be regarded as a toric variety with the fan (20 1d).

C:ell(An) — @ ZAl[Ya] ®K}\/IW,&,

oClnl, lo|=i

where Y, = [Tz, {x # 0} [T;c,{x = 0} = Gl .

Cubical Cells of A"

Given a partition of 72 LU 78 Lo = [n], we define the cubical cell as

e= H{x,-:l} H{X;#O}H{x,-zO}C Yy, CA"

ier} ier® i€oe.

This provides a basis C=/(A") = Do.cpa, ‘UE‘:i[e]Klt\f}r’Y, where
olel = X jes. +e’[0;¢€] (0;e signifies moving j € o, to 7&).
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The intuition is that o, determines the dual dimension of the cell [e], while 7
indicates the number of connected components it contains (i.e., 2%).

It is worth noting that, although C(A") = Z, this cellular structure serves as
the fundamental block (cube) for toric varieties.
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Moment-Angle Complexes and Toric Quotient

The boundary morphisms can become quite complex in higher dimensions,
instead, we can use the fact that Xy is a toric quotient.

Consider the projective space:

Gm@"\{O}—>A"

|

Pl A%\ {0}/G
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Moment-Angle Complexes and Toric Quotient

The boundary morphisms can become quite complex in higher dimensions,
instead, we can use the fact that Xy is a toric quotient.

Consider the projective space:

Gm@"\{O}—>A"

|

Pl = A7\ {0}/

In general, for the simplicial complex K over [m], we can define the
moment-angle complex AZx C A™ as:

Moment-Angle Complex

AZy = U{(xl,...,xm)EA’"|x,-7é0ifi¢a}
oeK
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The upshot is that CF(AZk) = @, ck, |o.=ile]KELT, and CE(AZk) is a

subcomplex of C(A™), making the boundary morphism straightforward.
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The upshot is that CF(AZk) = @, ck, |o.=ile]KELT, and CE(AZk) is a

subcomplex of C(A™), making the boundary morphism straightforward.
Now for a smooth fan ¥ = (K, A\ : Z™ — Z"), consider the morphism
expA: G — GJ induced by A, and let G := Ker(expA\) C G be its kernel.
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The upshot is that CF(AZk) = @, ck, |o.=ile]KELT, and CE(AZk) is a
subcomplex of C(A™), making the boundary morphism straightforward.
Now for a smooth fan ¥ = (K, A\ : Z™ — Z"), consider the morphism

expA: G — GJ induced by A, and let G := Ker(expA\) C G be its kernel.

Homogeneous Coordinate

G acts freely on AZk, and we have

GCAZK—>A’"

I

Xs 2 AZx/G
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The upshot is that CF(AZk) = @, ck, |o.=ile]KELT, and CE(AZk) is a
subcomplex of C(A™), making the boundary morphism straightforward.
Now for a smooth fan X = (K, A : Z™ — Z"), consider the morphism

expA: G — GJ induced by A, and let G := Ker(expA\) C G be its kernel.

Homogeneous Coordinate

G acts freely on AZk, and we have

GCAZK—>A’"

|r

Xs 2 AZx/G

This induced a morphism of complexes

pet CEN(AZK) = G (Xx)
[e] — [p(e)]

such that for any group section g : G — G, p.[e] = p.g.[€].
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The toric group GJ, naturally acts on the affine space A". To understand its
action on a cubical cell e : G — A", consider a group section g : Gz — GP,.
The image g.[e] corresponds to the cell g - e: G — A", which may not be a
cubical cell.
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Toric Action on Cubical Cells

The toric group GJ, naturally acts on the affine space A". To understand its
action on a cubical cell e : G — A", consider a group section g : Gz — GP,.
The image g.[e] corresponds to the cell g - e: G — A", which may not be a
cubical cell.

To represent gi[e] in terms of cubical cells, notice that g can be represented by a

te X n matrix over Z as {r;}, and defining rj; = r; + 0;;. Additionally, let x(i) =0
for even i and 1 for odd i.

Keyao Peng (CNRS, Université Bourgogne Europe)  Cellular AL-Homology of Smooth Toric Varieties




Toric Action on Cubical Cells

The toric group GJ, naturally acts on the affine space A". To understand its
action on a cubical cell e : G — A", consider a group section g : Gz — GP,.
The image g.[e] corresponds to the cell g-e: G — A", which may not be a
cubical cell.

To represent gi[e] in terms of cubical cells, notice that g can be represented by a
te X n matrix over Z as {r;}, and defining rj; = r; + 0;;. Additionally, let x(i) =0
for even i and 1 for odd i.

Proposition

Let wo C 7e = 72 U T be the subset such that j € wp if Vi € 72, r, = 0. If
te > |Te| — |wol, then:

gle= Y o+ S (-pi I XQ > ) e

wCTe\wo mCw ier® enlloe

Here we have the morphism 7 : KMW — KMW which is analogous of multiplying
by 2. And [e,] represents the cubical cell where 7@ = w.

Keyao Peng (CNRS, Université Bourgogne Europe) Cellular A*-Homology of Smooth Toric Varieties



Canonical Cells

To further simplify the computation, we introduce a complex CS"(AZ)
consisting of canonical cells.
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Canonical Cells

To further simplify the computation, we introduce a complex CS"(AZ)
consisting of canonical cells.

Canonical Cells

There exists a subgroup CF"(AZx) C C(AZx) such that it defines a section
of p, at each degree

Ccan(AZK C Cce”(AZK)

e

Cl_ce// ( XZ )

And for any cubical [e] € Cr®(AZk), there exists a unique group section
T : G — G, such that T,[e] := Te[e] € CF"(AZk).
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Canonical Cells

To further simplify the computation, we introduce a complex CS"(AZ)
consisting of canonical cells.

Canonical Cells

There exists a subgroup CF"(AZx) C C(AZx) such that it defines a section
of p, at each degree

Ccan(AZK C Cce”(AZK)

And for any cubical [e] € Cf¥(AZk), there exists a unique group section
Te : Gt — G, such that T,[e] := Tei[e] € CF"(AZk).
The compatible boundary morphism can then be defined as:

0%"e] = Y +€’ Tu([05e]).

Jj€oe

And p, induces an isomorphism of complexes p, : C"(AZx) = C!(Xy).
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Shellable Simplicial Complex

We can further simplify CS"(AZx) by considering the restriction complex
C"(AZK) C Cen(AZk), which acts as a retraction, leading to an isomorphism

—=can

C¥M(AZK) = Con(AZK).
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Shellable Simplicial Complex

We can further simplify CS"(AZx) by considering the restriction complex

—=can

C, (AZk) C C2"(AZk), which acts as a retraction, leading to an isomorphism

—=can

C, (AZy) 2 Ce"(AZK).
Let's consider the sheallable cases. A simplicial complex K is shellable if it admits
a shelling, i.e. an ordering {02, ...,0:} = K(n) of its facets such that they have

nice intersections.

Shellable Non-shellable
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Shellable Simplicial Complex

We can further simplify CS"(AZx) by considering the restriction complex

C"(AZK) € Ce(AZk), which acts as a retraction, leading to an isomorphism
CZ"(AZ) = Can(AZ).

Let's consider the sheallable cases. A simplicial complex K is shellable if it admits
a shelling, i.e. an ordering {02, ...,0:} = K(n) of its facets such that they have

nice intersections.

Shellable Non-shellable

The shellable simplicial complex have the important property that for o; € K(n),
here exists a unique subset r(o;) C o; that is minimal among all subsets 7 C o},
where 7 & o for all j < /.
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Shellable Simplicial Complex

We can further simplify CS"(AZx) by considering the restriction complex
C"(AZK) C Ce(AZk), which acts as a retraction, leading to an isomorphism
CI(AZk) = Can(AZk).

Let's consider the sheallable cases. A simplicial complex K is shellable if it admits
a shelling, i.e. an ordering {02, ...,0s} = K(n) of its facets such that they have
nice intersections.

)

02)
0’1 @
The shellable simplicial complex have the important property that for o; € K(n),

here exists a unique subset r(o;) C o; that is minimal among all subsets 7 C o;,
where 7 ¢ o for all j < i.
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For a shellable fan ¥ = (K, A), we have the restriction complex C.  (AZx) where
on each degree it only depends on K:

Az = P MY
oceK(n), |r(o)|=i

and [e(g(a)] means 0. = r(o) and 72 = ().
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For a shellable fan ¥ = (K, A), we have the restriction complex C.  (AZx) where
on each degree it only depends on K:

Az = P MY
oceK(n), |r(o)|=i

and [e(g(a)] means 0. = r(o) and 72 = ().
While boundary morphism 9" also relies on A.

Proposition

07 (e = 3 Hwnlef V]
jer(o)

where w; = 0 or 1 depends on the fan ¥ = (K, \).

We can in fact explicitly calculus the homology using some combinatorial ways.
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Low Dimensional Cases

Given that K is the boundary complex of a simple n-polytope (e.g., when Xs is
projective), we can show that for dimension n < 4, the torsion part of H¢/(Xs)
consist only of 7-torsion elements.

Recall that KMV /np = KM and ,KMW = 2KM. Let b; = rk(G}Y.) be some Betti
numbers can be computed from the fan X, and X{ denotes the toric variety of
dimension n.
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Low Dimensional Cases

Given that K is the boundary complex of a simple n-polytope (e.g., when Xs is
projective), we can show that for dimension n < 4, the torsion part of H¢/(Xs)
consist only of 7-torsion elements.

Recall that KMV /np = KM and ,KMW = 2KM. Let b; = rk(G}Y.) be some Betti
numbers can be computed from the fan X, and X{ denotes the toric variety of

dimension n. Speifically, we have the following results for various dimensions:

HT(X2) | Orientable | Non-orientable

i=0 Z Z

=1 | (KYWyn2 | (KW g Ky

i=2 KYW 2KM

HeT(X3) Orientable Non-orientable

i=0 Z Z
=1 R e e | e (s
i=2 | (KW 6 KM 3 | (RYW)A1 e KY @ (2KY) 3
i=3 KW 2K}
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Hel(X3) Orientable
=0 Z
=1 (<419 (5j1ym-4
=2 | () o (kY (2K
i=3 (K3™W)P @ (2K3T)m—4—h
i=4 KW
Hel(X3) Non-orientable
=0 Z
=1 (419 (j1ym-4
=2 | () o 3y o iy
i=3 (K3™W)> @ K3 @ (2K3T)m 5"
i=4 2Ky

We can observe the Poincare duality for complex point X5 (C) by replacing KMW

and KM with Z[1], and for real points X5 (R) by removing KM and replacing
KMW with Z.
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Motivic Decomposition

Corollary

In the category ]ST\//[(k) for a smooth pure shellable toric variety Xy, we have the
following MW-motivic decomposition:

=D P z/ m(ro)h2r)],

IeN oeB(/)

where B(/) C K(n) are subsets that can be derived from the fan X = (K, \).
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Motivic Decomposition

Corollary

In the category ]/)\1\//[(k) for a smooth pure shellable toric variety Xy, we have the
following MW-motivic decomposition:

=D P z/ m(ro)h2r)],

IeN oeB(/)

where B(/) C K(n) are subsets that can be derived from the fan X = (K, \).

If we pass to the derived motivic category DM(k), in which 7 = 0, then we obtain
this trivial corollary (as an analogue of Z/2 coefficient):

In the category DM(k), for a smooth pure shellable toric variety X5, we obtain
the following motivic decomposition:

M(Xs) = @ Z(Ir(o))2Ir(o)]

o€K(n)
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More General Cases

Our results do not hold exactly when the pure or shellable conditions are removed.
The problem arises from the non-algebro-geometric components (i.e., the

summands Z(q)[p] with 2g > p) it has. However, these components vanish when
considering only the Chow group, providing an additive basis for the Chow group.
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More General Cases

Our results do not hold exactly when the pure or shellable conditions are removed.
The problem arises from the non-algebro-geometric components (i.e., the

summands Z(q)[p] with 2g > p) it has. However, these components vanish when
considering only the Chow group, providing an additive basis for the Chow group.

For a smooth toric variety X5, consider an order on K(n) = {o1,...,0.}. Define
the sets

min(o;) = {7 C o; | 7 is minimal for 7 ¢ o; for all j < i}.

We then have the following decomposition of the Chow group:
CH'(Xs)= @ P zleT]
0 € Kmax TEMIN(0)

The generators are given by [e7] € CH!™(Xs).
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Thank you
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Questions
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What is B(/)?

Given a mod-2 linear function « : Z" — Z35 — Z,, we define the row set w, C [m]
as the subset {j € [m] | kA(v;) =1 mod 2}, where v; are the basis vectors of
7™ Let row\ C 2™ denote the set of all row sets; thus, we can observe that
[rowA| = 2".

For A : Z™ — 7", let K, represent a specific subcomplex of K formed by
intersecting with w € rowA. We define G* = @, ¢, Hi(|Kw) as the direct sum
of the reduced homology groups. The basis B(0) C Kpyax forms the free part of
G;\ﬁee, while for / > 1, the basis B(/) C Kmax corresponds to the /-torsion part
G2

,I—tor-
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